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Computation of Shock Wave Reflection by Circular Cylinders

J.Y. Yang,* Yen Liu,} and Harvard Lomaxi}
NASA Ames Research Center, Moffett Field, California

The nonstationary shock wave diffraction patterns generated by a blast wave impinging on a circular eylinder
are numerically simulated using a second-order hybrid upwind method for solving the two-dimensional inviscid
compressible Euler equations of gasdynamics. The diffraction was followed through about 6 radii of travel of the
incident shock past the cylinder. A broad range of incident shock Mach numbers are covered. The complete
diffraction patterns, including the transition from regular to Mach reflection, trajectory of the Mach triple point,
and the complex shock-on-shock interaction at the wake region resulting from the Mach shocks collision behind
the cylinder are reported in detail. Pressure-time history and various contour plots are also included. Comparison
between the work of Bryson and Gross, which included both experimental schlieren pictures and theoretical
calculations using Whitham’s ray /shock theory, and results of the present finite-difference computation indicate
good agreement in every aspect except for some nonideal gas and viscous effects that are not accounted for by the

Euler equations.

Introduction

HE problem of the propagation of shock waves over

circular cylinders has been studied experimentally and
analytically by many investigators.!** When a planar shock
wave propagates and encounters a cylinder, it first experiences
a head-on collision and immediately reflects into a two-shock
system referred to as regular reflection. The confluence point
travels along the cylinder surface and, as the shock wave
propagates up the cylinder surface, the reflecting wedge angle
at the reflection point decreases until the Mach effect occurs,
ie., until the regular refiection changes into a Mach reflection.
Here a new shock, called a Mach shock, is formed; it can be
recognized by the three-shock system. The confluence point
now leaves the surface and becomes a triple point. A slipstream
originates from the triple point and eventually curls up to
form a vortex. As the incident shock propagates further down-
stream, some complex shock-shock interactions occur as the
Mach shocks collide behind the cylinder. An illustration and
definition of shock structures for a typical shock diffraction
around a circular cylinder will be shown using a series of
computed isopycnics.

In the past, many experimental and analytical investigations
have been conducted to study oblique shock wave reflection
problems. One of the main issues concerning shock reflection
is the establishment of the criteria for predicting the transition
between regular and Mach reflections. Several approximate
theories have been developed to analyze and predict such
transition and the trajectory of the triple point. The best
known theory for predicting the shock-shock interaction prob-
lem is the ray-shock theory of Whitham.?

An extensive theoretical calculation of the shock diffraction
around a cylinder that employs Whitham’s theory was given
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by Bryson and Gross."! In Ref. 1, a series of schlieren pictures
taken from a shock tube experiment were presented to check
the accuracy of the theory and to illustrate the complex
diffraction flow patterns. Many details of the flowfield are
revealed. Similar studies were also presented by Heilig.> Ref-
erence 3 provides a very useful data base against which to
validate and assess the accuracy of computer codes and from
which to extend the applicability of such codes to other
complex problems that may not be easily studied by experi-
ments due to such limitations as interference effects.

On the other hand, because of recent improvements in
numerical techniques for solving the Euler equations and the
increased power of supercomputers, major advances have
been made in the field of numerical simulation of oblique
shock wave reflection. A survey on the application of numeri-
cal solutions of two-dimensional gasdynamics with strong
shocks in simple geometries producing self-similar solution
was given by Woodward and Collela.® Fine resolution of the
complicated flowfields created by shock wave /wedge interac-
tion was obtained with a sufficiently fine computational grid
and with reasonable computing time on a supercomputer.
Some demonstrations of such computational capability for
simulating such flows can be found in Refs. 6 and 7.

In this paper, we numerically simulate the complicated
flowfields generated by a shock wave impinging on a circular
cylinder by solving the time-dependent, compressible Euler
equations in the general curvilinear coordinate systems. The
main purposes in this study are twofold: 1) to solve the truly
unsteady flowfield of a shock diffracted by a circular cylinder
and to compare the results directly with those found by
experiments; this allows us to evaluate the present numerical
method for predicting shock-on-shock interaction in unsteady
gas dynamics; and 2) to provide detailed flowfield data by
means of various contour plots and pressure-time histories.
Such data are not easily obtainable in laboratory experiments.

In the following, we first outline the numerical method and
then show some results of our calculations. Comparison with
experimental results are included.

Governing Equations
The conversation equations of the two-dimensional un-
steady gasdynamics, neglecting the effects of viscosity and
heat transfer, in general curvilinear coordinate systems (£, n)
can be written as follows:

.0+ F+9,G=0 (1)
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where .
Q=0/
F=(80+6F+£6)0
G=(n0+nF+nG)/
and where the metric Jacobian is
J=£m, — €,
In the Cartesian coordinates, the conservative state vector is
O0=(p,pu,pv,e)’

and the flux vectors are

F= [pu,pu2+p,puv,u(e+p)]T
G= [pv,pvu,p02+p,v(e+p)]T

Here p is the gas density, u, v the gas velocity components, e
the internal energy, and p the gas pressure. The pressure p is
related to p, u, v, and e for an ideal gas by

p=(y-D[e-050(u?+v?)] (2

where v is the specific heats ratio. Equation (1) is a hyperbolic
system of conservation laws; hence, both hyperbolicity and
conservation law properties of the system can be utilized to
construct a solution procedure for solving them.

Due to the hyperbolicity of Eq. (1), the Jacobian coefficient
matrix A, =JF/3Q of the transformed equations has real
eigenvalues,

a,=U, a,=U+c¢, a;=U, a,=U-¢, (3)

Fig. 1 Computed isopycnics of shock diffraction on a cylinder at
M, =281 (LS. = incident shock, R.S. = reflected shock, M.S. = Mach
shock, C.D. = contact discontinuity, T.P. = triple point, V = vortex).
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with
U=¢ +§u+§v and c§=c\/§§+§§

where ¢ =/yp/p is the speed of sound. Similarly, the eigen-
values of B, = dG/3Q are

by=V, b=V, b=V+c,, b=V—g,

with

V=n+nu+npv and ¢, = q/ni + njy’

One can find similarity transformation matrices 7; and T,
such that

T4, T = A, = diaga, )
T,)'B,T, = A, =diag{b,)} 4

The eigenvalues of the hyperbolic system provide the wave
propagation information via the theory of characteristics. Their
signs indicate the direction-biased difference formula to be
used for the finite-difference approximation when solving
Eq. (D).

Described in the following section is a finite-difference
numerical method of second-order accuracy in time and space
that combines both the characteristic and conservation fea-
tures of Eq. (1).

Numerical Algorithm: A Hybrid Approach
First, let us define a computational mesh system (£;, ;)
with mesh sizes A§ and An. Let Q7 ; denote the value of Q at
time level nAr and at position (jAE, kAq).
An explicit, conservative, finite-difference scheme for E(}V
(1) can be expressed in terms of numerical fluxes F¥ and G
as

n+l _ n N. _ pN N N
ik Tk BBy GG

2 J‘k 2 —
A7 + AE + Ay =0 (5)

Using dimensional splitting, the solution procedure becomes
locally one-dimensional and can be represented as

Q7% = L(An) L, (A1) L, (AT) L (A7) Q) (6)

In the following, only the L, operator is described in detail. A
similar expression can be given for the L, operator.
For the I, operator in the § direction, we have

L0, =08 =00~ N(EN —EY: ) (D

where A, = Ar/A¢ and I';IX 1 x is the numerical flux remaining
to be defined. In this study, we adopt a hybrid approach that
combines the flux vector splitting methods,’ the modified
flux method,'® and the characteristic flux difference splitting
method.!!

The numerical flux £7: , is given by

1 R
+>\_(E}+1,k_A£;+§,kAj+§,kE) (8a)

with Aj+§() =041~ 0
In Eq. (8), F presents the original flux vector: F* the split
flux vectors given by either Ref. 8 or 9, E a modified flux
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vector similar to the one given in Ref. 10, and 4 £ the split
“normalized” Jacobian coefficient matrices defined in Ref. 11.
The AF is closely related through

1z A (o R 1+ sgn(a,)

TApT = A =disg{af}, a4t =5 (9)
The value of E at point j, k is E; , =(ey, e;, €3, €,)] , and
its £ components is given by

e;jk=0, if é,}_

=S4 k|,|é,j_%_k|), otherwise (10)

where é’,} +%J(({= 1,2,3,4) are components of the following
column vector:

and
K Sgn( El’,u(%,k) (12)

Other forms of the modified flux vectors can also be found in
Refs. 12-14.
The |4,| in Eq. (11) is given by

14| = T diag{la,|} T ' (13)

In the following, the split flux vectors defined in Ref. 9 are
used (see also Ref. 15). The flux is split according to the
contravariant Mach number in the ¢ direction, defined as

M§=U/C§’
For M| <1,
E(-U+2c E(-U+2
Fi=fpi 1, ( 3 )+u,€y( 3 C)
Y Y
,
v [(y—l)Ugi2c] +_V£_2 T (14)
T 2(¥?-1) 2
where
[ 2
=2 (M 1) vt
U= U/\VE|, Vi=(vE, ~ut,)/IVE]
£, =¢£./Iv¢|
For |M,|>1,
F'=F, F =0, My>+1 (152)
F*=0, F =F, My<-1 (15b)

Boundary and Initial Conditions

The integration scheme of Eq. (7) is for the interior points.
At the cylinder surface (k=1) and outer boundary (k = K),
one has

or = Q,"',l - Ang,'fs/z(Gj,z - G,l) (16a)
and
07 k=0l k0B k 1(G k=G k1)  (16b)

Additional conditions are needed to supplement Eq. (16a)
in order to update the state variables O on the cylinder
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surface (k=1). These are furnished by the Riemann in-
variants

2¢7t1 2c*

prdl o = Pk 17a
R CED R CES

pn+l p* (
= 17b)

(pn+1)7 (p*)y
Ut =Upr (17¢)
and the surface tangency condition

V"n+1 =0 (17(1)

where V, = V/|vy| and U, = (n,u — n,0)/|V 1]

Equation (17) gives one the four equations to solve for the
state variables Q77! at the new time level.

In the £ direction, one integrates the equations from j=1
to j=J —1 and resets the flow quantities at line j =J identi-
cal to those at line j =1, where these two grid lines overlap
(the line passing through the origin of the cylinder and the
rear stagnation point).

The initial position of the incident shock is arbitrarily
located at certain distance to the left of the cylinder (Fig. 1a).
The conditions ahead of (state 1) and behind (state 2) a
moving shock related by

Py _ 2yM!—(v-1)

7 v 1) (18a)
» _I(py/p) +1
z—l N F‘f(ﬁz/l’l) (185)
_ (y-yM+2
Uy, =M, [1 TGrDME 1) M2 } a (18¢)

where I' = (v + 1)/(y — 1) and ¢; = (vp1/p1)>-

Initially, when 7 =0, the conditions at state 1 are p; =1,
p1=1, u; =0, and v; =0 and conditions at state 2 are given
by Eq. (18) with an assigned value of M, and a given value of
v for a particular gas. Moving shock relations are applied on
both sides of the incident shock and the consequent move-
ment of the shock is simulated without imposing any explicit
equation of motion for the incident shock.

Results and Discussion

A series of calculations covering a wide range of incident
shock Mach numbers were carried out to study the transient
shock wave diffraction phenomena produced by a blast wave
impinging on a circular cylinder. In the following, results for
two different incident shock Mach numbers are reported. A
simple cylindrical grid system was used, consisting of 361 rays
(equally spaced with 1 deg angle) around the cylinder (£
direction) and 101 circles (slightly stretched with Ar,_; = 0.01)
between the cylinder surface and the outer boundary (n
direction). The diameter of the cylinder is 1 and the distance
between the origin of the cylinder and the outer boundary is 5.
The shock tube test gas was air and the equation of state was
chosen to be a perfect (frozen) gas with y=14. At high
incident shock Mach numbers, dissociation and ionization of
gas may occur and real-gas effects such as chemical equi-
librium or nonequilibrium should be considered. In such
circumstances, both the equation of state given by Eq. (2) and
the initial starting conditions defined by Eq. (18) should be
modified accordingly. In all calculations, a Courant number of
0.99 was used. -

First, we report the results for the case of M, =281 and
vy = 1.4, which we compare directly with the experimental and
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a) Experimental schlieren photograph (from Ref. 1).

analytical results of the ray-shock theory reported in Ref. 1.
This is in order to check the present numerical method. In
Fig. 1, the computed isopycnics are shown for flow with
M, =2.81 at a series of times. In Fig. 1a, the incident shock is
about to hit the cylinder surface and the density contours give
a reasonable representation of the flow, which at this moment
is constant on either side of the moving shock. Figs. 1b-1i
show the subsequent development of the diffraction process
that covers regular reflection, transition to Mach reflection,
the Mach shocks collision at the wake, and the complex
shock-on-shock interaction. The primary incident shock (I.S.),
reflected bow shock (R.S.), Mach shock (M.S.), contact dis-
continuity (C.D.), and vortex (V) can be easily identified.
Downstream of the cylinder wake, complicated flow interac-
tion resulting in Mach shocks, second contact discontinuities,
and triple point were well captured (e.g., see Fig. 1i).
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Fig. 2 Comparison for early shock dif-
fraction on a cylinder at M, =2.81.

Fig.3 Comparison forlater shock
diffraction on cylinder at
M, =2.81.

b) Computed isopycnics.

The experimental schlieren pictures of Bryson and Gross'
are duplicated and shown together with the corresponding
computed density contours in Figs. 2 and 3, respectively, at
two different times. Except for viscous effects, such as
boundary-layer separation and its interaction with the re-
flected Mach shock at the wake, most of the flow features are
well simulated.

The pressure-time history of the diffraction process at several
positions on the cylinder surface are shown in Fig. 4. This is
important for the determination of pressure loading. The
trajectory of the Mach shock triple point is plotted in Fig. 5
for the case of M, =2.81 and y=1.4. One-half of the sym-
metrical diffraction pattern is shown. The pressure at the rear
stagnation point experienced a sudden jump after the two
Mach shocks collide. The transition point is located ap-
proximately 42 deg from the front stagnation point.
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Fig.4 Pressure-time history at M, = 2.81. Pressure distribution shown
at several locations on the cylinder: 1, front stagnation point; 2-6,
every 30 deg; 7, rear stagnation point.
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Fig. 5 Trajectories of the Mach shock triple point for shock diffrac-
tion on a cylinder at M, = 2.81; Mach reflection begins between 40 and
50 deg from the front stagnation point.
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Fig. 6 Inviscid flowfields of shock diffraction around a circular cylinder at M, =2.81.
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b) Pressure contours.

Fig. 7 Early shock diffraction on a cylinder at M, = 20.
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Fig. 8 Late shock diffraction on a cylinder at M, = 20.
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Fig. 9 Pressure-time history at M, = 20. Pressure distribution shown
at several location on the cylinder: 1, front stagnation point; 2-6,
every 30 deg; 7, rear stagnation point.

In general, good agreement are found in terms of triple-point
locus, vortex locus, and the position of the transition point
from regular to Mach reflection. Note that the flow patterns
are very symmetric and no vertex shedding is observed. Ad-
ditional information such as various contour plots, velocity
vectors, and streamlines are shown in Fig. 6 to assist the
analysis of the flowfield. The separation point (at around 45
deg from the rear stagnation point) and the vortex pair are
clearly shown in the streamline plot.

Finally, in Figs. 7 and 8, we also report tesults for the case
of M =20 and y=1.4 at two different times. Flow patterns
similar to the case of M, =281 are observed. The pressure
loading is much more severe in this case, as shown in Fig. 9.

Conclusions

The unsteady inviscid flowfields generated by a planar
shock wave impinging on a circular cylinder have been
numerically simulated by using a hybrid second-order upwind
finite-difference scheme for solving the unsteady compressible
Euler equations. Comparison with the experimental results of
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Bryson and Gross' shows good agreement in every inviscid
aspect of the flow phenomenon.

Detailed flow information is provided on quantities such as
pressure-time history, velocity vectors, pressure contours, and
quantities not easily obtainable by experiments.

Based on the present study, it is concluded that time-depen-
dent, two-dimensional shock-on-shock interaction problems
can be adequately and economically simulated using a
numerical approach and that the method can be considered as
an alternative to shock tube experiments, particularly when
the experiments are subjected to the limitations of the inter-
ference effects.
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